Abstract. For a proper scheme X with a fixed 1-perfect obstruction theory E
Let X be a scheme which admits a global embedding in a smooth scheme, and E • a 1-perfect obstruction theory for X. One can view the pair (X, E • ) as being a virtually smooth scheme of expected (or virtual) dimension d := rk E • ; indeed, many definitions for smooth schemes have been extended to this case, in particular, the pair has a virtual fundamental class [X] vir ∈ A d (X) and a virtual structure sheaf O vir X ∈ K 0 (X), which behave well under deformations of the pair.
In this paper we want to extend to complete virtually smooth schemes other important notions: in particular, we define and study virtual versions of the holomorphic Euler characteristic for elements V ∈ K 0 (X), and of the χ −y genus and the elliptic genus. As a consequence, we can also define a virtual version of the topological Euler characteristic and of the signature. The virtual holomorphic Euler characteristic was already considered in [Lee] , although it is not given this name. In this paper we will see that these invariants behave in a very similar way to their non-virtual counterparts for smooth complete schemes. All of these invariants reduce to the usual ones if X is smooth and E • is the cotangent bundle, and they are deformation invariant.
The main results of the paper are a virtual version of the Theorems of HirzebruchRiemann-Roch and of Grothendieck-Riemann-Roch (in the latter, the target is supposed to be smooth, and not just virtually smooth). We also prove that the virtual χ −y -genus is actually a polynomial of degree d, and show that the virtual Euler number (defined as χ −1 (X)) can be expressed as the degree of the virtual top Chern class. We show that as in the case of smooth varieties, the virtual elliptic genus of a virtual Calabi-Yau manifold is a weak Jacobi form. Finally, as an easy consequence of the virtual Riemann-Roch Theorem and the virtual localization of [GP] we establish a localization formula for the virtual holomorphic Euler characteristic, in case everything is equivariant under the action of a torus.
In the particular case where X has lci singularities and E • = L
• X the cotangent complex, we prove that the virtual topological Euler characteristic coincides with Fulton's Chern class and deduce that this is invariant under deformations for proper lci schemes.
This paper deals mostly with virtually smooth schemes and not with stacks, although it should be possible to generalize to the case of Deligne-Mumford stacks. We finish the paper by a partial generalization to the case of gerbes, which allows to apply the results to moduli spaces of sheaves on surfaces and on threefolds with effective anticanonical bundle.
The original motivation for this work comes mostly from moduli spaces of coherent sheaves on surfaces. In [GNY] , K-theoretic Donaldson invariants are introduced as the holomorphic Euler characteristics of determinant bundles on moduli spaces of stable coherent sheaves on an algebraic surface S, and for surfaces with p g = 0 their wallcrossing behaviour is studied in the rank 2 case, under assumptions that ensure that the moduli spaces are well-behaved. Using the virtual Riemann-Roch theorem these assumptions can be removed, and many other results of [M1] that a priori only apply to the usual Donaldson invariants can be extended to the K-theoretic Donaldson invariants. In the forthcoming paper [GNMY] this program is carried out. In particular is is easy to calculate the wallcrossing for the virtual Euler characteristic, and show that it is given by the same formula as in the case of so-called good walls (see [Gö] ). In [DM] a physical derivation of a wallcrossing formula for Euler numbers of moduli spaces of sheaves is given in a very general context, which in particular implies that the wallcrossing formula is the same in the virtual and in the non-virtual case.
The Euler numbers of moduli spaces of stable coherent sheaves on surfaces have been studied by many authors. In [VW] , Vafa and Witten made predictions about their generating functions, in particular, they are supposed to be given by modular forms. This has been checked in a number of cases. In general when these moduli spaces are very singular, there is to our knowledge no mathematical interpretation for the Euler numbers that figure in the predictions of [VW] . We hope that our definition of the virtual Euler number will provide such an interpretation.
The χ −y -genus and the elliptic genus are natural refinements of the Euler number. Thus it is natural to refine the virtual Euler characteristic to the virtual χ −y -genus and the virtual elliptic genus, and hope for their generating functions to have modularity properties. If the moduli spaces are smooth of the expected dimension, this has in many cases been shown.
The results in this paper are closely related to those obtained for [0, 1]-manifolds by Ciocan-Fontanine and Kapranov in [CFK3] ; there they prove the Hirzebruch-RiemannRoch theorem and a localization formula in K-theory. As explained to us by CiocanFontanine, from their results the Grothendieck-Riemann-Roch theorem for morphisms of [0, 1]-manifolds easily follows under the same assumptions as in our paper. They also construct a cobordism class associated to a [0, 1]-manifold, which implies the possibility of introducing and studying genera for [0, 1]-manifolds, such as the elliptic genus. The language of [0, 1]-manifolds and virtually smooth schemes are closely related as follows. If X is a [0, 1]-manifold, then (π 0 (X ), Ω
• X |π 0 (X ) ) is a virtually smooth scheme by [CFK3, Prop. 3.2.4 ]; on the other hand, it is expected that all virtually smooth moduli spaces arise in this way. This was proven by Ciocan-Fontanine and Kapranov in the following cases: for the Quot scheme and (in outline) the moduli stack of stable sheaves in [CFK1] , and for the Hilbert scheme and the moduli stack of stable maps in [CFK2] . We thank I. Ciocan-Fontanine and M. Kapranov for showing us a preliminary version of the paper in June 2006 with the above mentioned material, except for the cobordism. One of the steps in our proof of the virtual Riemann-Roch-Theorem is an adaptation of the corresponding argument in [CFK3] . Differently from Ciocan-Fontanine and Kapranov, our motivation for studying this problem, came from the study of K-theoretic Donaldson invariants, and we also consider to some extent the stack version of the virtual RiemannRoch theorem, as well as modular properties of the virtual elliptic genus.
In the papers [J1] , [J2] Joshua deals in great generality with the relation of the virtual fundamental class and the virtual structure sheaf for Deligne-Mumford stacks with a perfect obstruction theory. Mochizuki informed us that he independently proved the virtual Hirzebruch-Riemann-Roch theorem, with applications to K-theoretic Donaldson invariants [M2] .
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Background material
2.1. Conventions. A scheme will be a separated scheme of finite type over an algebraically closed field of characteristic zero. We assume that all schemes under consideration admit a global embedding in a smooth scheme. If S is a scheme, we denote by A * (S) the Chow group of S with rational coefficients, and by A * (S) the Chow cohomology of S (as defined in [Fu, Def. 17.3] ), also with rational coefficients. We often omit i * from the notation when i : S → S ′ is a closed embedding of schemes and i * is either the induced map
2.2. Grothendieck groups. Let S be a scheme. We let K 0 (S) be the Grothendieck group generated by locally free sheaves, and K 0 (S) the Grothendieck group generated by coherent sheaves; we recall that K 0 (S) is naturally an algebra, contravariant under arbitrary morphisms, and K 0 (S) is a module over K 0 (S), covariant under proper morphisms.
Moreover, the natural homorphism K 0 (S) → K 0 (S) (induced by the inclusion of locally free sheaves inside coherent sheaves) is an isomorphism if S is smooth.
2.3. Grothendieck groups and perfect complexes. The fact that a scheme X can be embedded as a closed subscheme in a smooth separated scheme implies that every coherent sheaf is a quotient of a locally free sheaf (it would be enough to assume irreducible, reduced and locally factorial instead of smooth: see [Ha, exercise III.6.8]) . In other words, all schemes we consider have enough locally frees.
on an arbitrary scheme X is called perfect if it is locally isomorphic to a finite complex of locally free sheaves. We write D b perf (X) for the full subcategory whose objects are the perfect complexes. Since we assume that X has enough locally frees, any perfect complex has a global resolution, i.e. a quasi-isomorphic complex which is globally a finite complex of locally frees. One can therefore define for every object
to be equal to
it is easy to show that the map
is well-defined and behaves well with respect to quasi-isomorphisms and distinguished triangles. In case one wants to extend the results of this paper to a more general situation, e.g. X an arbitary scheme or an algebraic stack, care will have to be taken to assume that the relevant objects admit a global resolution.
2.4. Todd and Chern classes. Let E be a rank r vector bundle on a scheme S, and denote by x 1 , . . . , x r its Chern roots. The Chern character ch(E) and the Todd class td(E) are defined by
These extend naturally to a ring homomorphism ch : The morphism det associating to a rank r vector bundle E on S its determinant det E := r E ∈ Pic X extends naturally to a group homomorphism det :
The homomorphisms ch, td and det commute with pullback via arbitrary morphisms. 
is perfect and admits a global resolution, and a smooth morphism p : S → Y . In particular every lci morphism of schemes admitting a closed embedding in smooth, separated schemes is perfect. In this case one can define a Gysin homomorphism
Note in particular that the closed embedding of the zero locus of a regular section of a vector bundle is perfect, since we can always use the Koszul resolution.
2.6. Riemann Roch for arbitrary schemes. We will use the notations of [Fu, Chapter 18] . In particular we use [Fu, Theorem 18.2, Theorem 18.3] . For every scheme S let τ S : K 0 (S) → A * (S) be the group homomorphism defined in [Fu, Theorem 18.3] . We recall in particular the following properties, which are taken almost verbatim from Theorem 18.3:
(1) module homomorphism: for any V ∈ K 0 (S) and any
2.7. Fulton's Chern class. Let X be a scheme and i : X → M a closed embedding in a smooth scheme. Fulton's Chern class of X (we take the name from [A] ) is defined in [Fu, Example 4.2.6 ] to be c
; it is shown there that c F (X) is independent of the choice of the embedding. In [A] c F (X) for hypersurfaces is related to the Schwarz-MacPherson Chern class c * (X), which has the property that deg(c * (X)) = e(X). It is easy to see ( [Fu, Example 4.2.6] ), that for plane curves C, deg(c F (C)) = e(C ′ ) where C ′ is a smooth plane curve of the same degree. Note that C is lci and C ′ is a smoothening of C. We will generalize this statement to arbitrary proper lci schemes in Theorem 4.15.
Virtual Riemann-Roch theorems
In this section we prove a virtual version of the Grothendieck-Riemann-Roch theorem for a proper morphism from a virtually smooth scheme to a smooth scheme. It would be interesting to have a more general version for proper morphisms of virtually smooth schemes, but at the moment we do not have that.
3.1. Setup and notation. This setup will be fixed throughout the paper. We will fix a scheme X with a 1-perfect obstruction theory E
• ; whenever needed, we also choose an 3.2. Virtual fundamental class and structure sheaf. We recall from [BF, Section 5] the definition of virtual fundamental class. Let C X be the intrinsic normal cone of X; it is naturally a closed substack of
be inverse image of C X in E 1 via the natural projection E 1 → E; it is a cone over X of pure dimension equal to the rank of E 0 . Let s 0 : X → E 1 be the zero section; s 0 is a closed regular embedding, hence following [Fu, Def. 3.3] we can denote by s * 0 : A * (E 1 ) → A * (X) the natural, degree − rk(E 1 ) pullback map (or Gysin homomorphism). Then the virtual fundamental class [X] vir is by definition equal to s *
. We denote by O vir X ∈ K 0 (X) the virtual structure sheaf of X, whose definition we now briefly recall.
The virtual structure sheaf O vir X is equal to
Note that the sum is indeed finite; in fact, since X is the zero locus of the tautological section s of the bundle π * E 1 (where π : E 1 → X is the natural projection), we can give an explicit finite locally free resolution of s 0 * O X on E 1 by the Koszul complex (
In other words, s 0 : X → E 1 is a perfect morphism in the sense of 2.5 and
a complex of coherent sheaves on X with F 0 locally free of rank r, with an isomorphism
Notice that such a global resolution is uniquely determined by a morphism λ :
We can use it to identify the intrinsic normal sheaf of X with [F 1 /F 0 ], and hence we get an induced cone C(F ) ⊂ F 1 of pure dimension r, the inverse image of the intrinsic normal cone inside [F 1 /F 0 ]. If i : X → M is a closed embedding in a smooth scheme, we can choose F
• to be [I/I 2 → Ω M | X ]; we call it the resolution induced by i : X → M.
with the induced map; we call it the resolution induced by the obstruction theory. We denote by p F : C(F ) → X the natural projection.
Proof. First step: it is enough to prove the proposition for one particular presentation. Indeed, given two presentations F • and G • , we can compare either of them with the
. We let ρ : C(K) → C(F ) be the restriction ofρ; the map ρ is part of a natural exact sequence of cones (in the sense of [Fu, Example 4.1.6 
In particular ρ is an affine bundle (in the sense of [Fu, Section 1.9] ) with T ρ = p * K G 0 . Since it is an affine bundle, ρ * induces an isomorphism on Chow rings. So the statement holds for F • if and only if
, the right hand side is equal to p *
. By 2.6 applied to the smooth (hence lci) morphism ρ, the left hand side is equal to td(
. So the equality holds for F iff the equality
Second step: it is therefore enough to prove this in the case of the resolution induced by a closed embedding i : X → M in a smooth scheme (which exists by assumption). This is proven in in [CFK3, Lemma (4.3.2) ] under the additional assumption that X and M be quasiprojective, and we use a variation of their argument. Let π : M → A 1 be the degeneration to the normal cone, such that π
(where we write A 1 0 for A 1 \ {0}); let q : M → M be the natural morphism, composition of the blowup map M → M × A 1 and the projection to the first factor. Let f : C X/M → M be the natural closed embedding; f is regular, hence an lci morphism, and
. By 2.6 applied to the regular embedding f with
. But the argument in [Fu, Section 10 .1] (paragraph starting "if T is a curve") show that from j * β = 0 we can deduce that f * β = 0, thus completing the argument.
In fact, assuming that we can extend Chapter 18 of [Fu] to Artin stacks, the Proposition takes the appealing form τ C (O C ) = [C] where C is the intrinsic normal cone.
Main theorems.
Definition 3.2. The virtual Todd genus of (X, E
• ) is defined to be td(T vir X ). If X is proper, then for any V ∈ K 0 (X), the virtual holomorphic Euler characteristic is defined
Theorem 3.3 (virtual Grothendieck-Riemann-Roch). Let Y be a smooth scheme and let
X). Then the following equality holds in
Proof. The theorem follows by combining Lemma 3.7 with Lemma 3.9 below.
Corollary 3.4 (virtual Hirzebruch-Riemann-Roch). If X is proper, and
Proof. This follows immediately by applying virtual Grothendieck-Riemann-Roch to the projection of X to a point.
We want to reduce in two steps Theorem 3.3 to a simpler statement.
Lemma 3.5. To prove Theorem 3.3 it is enough to show that
Proof. On the one hand by the module property of [Fu, Thm. 18 .3] we have
and thus
On the other hand the covariance property of [Fu, Thm. 18.3] gives
, and because Y is smooth we have
and Theorem 3.3 follows.
The formula (3.6) is stated in [BF, Rem. 5 .4], however without proof. It is proven in a different context in [J1, Thm 1.5]. We prefer to give a direct proof here since it is not clear to us how to relate Joshua's results to what we need, and also since a direct proof is very elementary.
Lemma 3.7. To prove Theorem 3.3 it is enough to show that
Proof. Since s 0 : X → E 1 is a regular embedding, it is a local complete intersection morphism, with virtual tangent bundle
By [Fu, Thm. 18.3(4) ], we get
In other words
vir , then we get by the above
vir , and we are done since
) because td maps sums to products.
Lemma 3.8. Let p : C → X be the projection. Then
Proof. This is a special case of Proposition 3.1, when the resolution is induced by an obstruction theory.
By Lemma 3.7 we can finish our proof of Theorem 3.3 by showing the following Lemma 3.9. With the notation established so far,
Proof. Let j : C → E 1 be the embedding, π : E 1 → X the projection, so that p = π • j. By the covariance property [Fu, Thm. 18.3(1) ], the previous lemma and the projection formula we have
Hence
Corollary 3.10. If X is proper and
We finish this section by proving a weak virtual version of Serre duality.
∨ only depends on the obstruction theory and not on the particular resolution chosen. The virtual canonical class is c 1 (
In this paper the condition that X is a virtual Calabi-Yau manifold can always be replaced by the condition that c 1 (
Proposition 3.13 (weak virtual Serre duality). If X is proper and V ∈ K 0 (X), then
Proof. Let n = rk(E 0 ), m = rk(E 1 ), d = n − m and let x 1 , . . . , x n be the Chern roots of E 0 , u 1 , . . . , u m the Chern roots of E 1 . We can assume that V is a vector bundle on X.
Let v 1 , . . . v r be its Chern roots. Then the virtual Riemann-Roch Theorem gives
By the identity
This multiplies the part of degree
3.5. Deformation invariance.
Definition 3.14. A family of proper virtually smooth schemes is the datum of a proper morphism π : X → B of schemes with B smooth, together with a 1-perfect relative obstruction theory E • for X over B.
For every b ∈ B a closed point, we will denote by X b the fiber π −1 (b) and by E
inclusion. In particular, we define T vir X /B ∈ K 0 (X ) as the class associated to the complex
Recall from [BF, Prop. 7 .2] the following 
We recall that the principle of conservation of number [Fu, Proposition 10.2] states that for any α ∈ A dim B (X ), the degree of the cycle
The principle is in fact valid for arbitrary cycles in A * (X ) if we use the convention that deg is defined on the i-th Chow group A i to be zero if i = 0. By using this principle, we immediately deduce the following Corollary.
Corollary 3.16. Let π : X → B be a proper family of virtually smooth schemes. For any γ ∈ A * (X ), the number
Proof. By definition,
Note that this number is zero if γ ∈ A e (X ) and e = d, where d is the virtual dimension of X b .
Definition 3.17. For any numerical object (e.g., a number or a function) which is defined in terms of a proper virtual smooth scheme X and possibly of an element V in K 0 (X), we say that it is deformation invariant if, for every family of proper virtually smooth schemes X and every object V ∈ K 0 (X ), the invariant associated to the virtually smooth scheme X b and the element V b is locally constant in b.
Theorem 3.18. Let V ∈ K 0 (X ), and assume that π is proper. Then
is locally constant in b. In other words, the virtual holomorphic Euler characteristic is deformation invariant.
Proof. This is an immediate consequence of Corollary 3.16 and of virtual HirzebruchRiemann-Roch.
Virtual χ −y -genus, Euler characteristics and signature
In this section we introduce the virtual p-forms Ω Definition 4.1. If E is a vector bundle on X of rank r and t a variable, we put
If 0 → F → G → H → 0 is a short exact sequence of vector bundles on X, it easy to see that
Thus Λ t can be extended to a homomorphism Λ t :
We define Ω
Definition 4.2. Let X be a proper scheme with a perfect obstruction theory and expected dimension d. The virtual χ −y -genus of X is defined by
Let V ∈ K 0 (X). The virtual χ −y -genus with coefficients in V of X is defined by Let
. . , x n be the Chern roots of E 0 , u 1 , . . . , u n the Chern roots of E 1 . We write A >d (X) := l>d A l (X). Let A be the quotient of A * (X) by A >d (X). We will denote classes in A by the same letters as the corresponding classes in A * (X). By definition we have
where the right hand side is considered as element in A [[y] ] by the development
By the virtual Riemann-Roch theorem we have
Theorem 4.5.
, and its degree in y is at most d.
, and its degree in y is at most d. Furthermore we can write
Proof. We start by observing that it is enough to prove (3). Assume we know (3). Then (4.4) implies that χ
which gives (2). Thus we only have to show (3). Let (4.6)
The right hand side of (4.6) is seen to be an element of A[z] as follows: for a variable t write
. Putting this into (4.6), we get that
We also see that Y z has at most degree d in z. Furthermore (4.7) also implies that the part of
, i.e. c l (T vir X ). Thus in order to finish the proof we only have to see that
Corollary 4.8 (Hopf index theorem). The virtual Euler characteristic equals the top virtual Chern number
Proof. This is a special case of Theorem 4.5(2).
Corollary 4.9. Let X be proper of expected dimension d, and V ∈ K 0 (X).
(
(2) For all p ≥ 0 we have χ vir (X, V ⊗Ω p,vir
By the weak virtual Serre duality we have
By (4.10) we have in A * (X) [[y] ] the identity
Thus (4.11) and the virtual Riemann-Roch theorem give (2) is just a reformulation of (1).
Remark 4.13. Thus we see that the virtual χ −y -genus, Euler number and signature have properties very similar to their non-virtual counterparts on smooth projective varieties: Proposition 4.14. Let X be a proper, virtually smooth scheme, and V ∈ K 0 (X Proof. This follows immediately from the definition and from Proposition 3.18. For the virtual Chern numbers a different proof can be given by combining Corollary 4.8 with the deformation invariance of the Chern numbers.
4.1. The local complete intersection case. We will say that the scheme X has local complete intersection singularities, or just is lci (see [Fu, Appendix B.7] ) if it admits a closed regular embedding i : X → M in a smooth scheme. In this case
X is a perfect complex, and thus a natural obstruction theory for X. Hence every lci scheme is naturally a virtually smooth scheme. The corresponding virtual fundamental class is just [X] and the virtual structure sheaf is O X .
A family of proper lci schemes is an lci morphism π : X → B with B smooth; again, the relative cotangent complex is also a relative obstruction theory, and hence π : X → B is also a family of proper virtually smooth schemes.
If X is a proper lci scheme and X 0 is a proper smooth scheme, we say that X 0 is a smoothening of X if there exists a family of proper lci schemes π : X → B and closed points b, b 0 ∈ B such that X b is isomorphic to X and X b 0 is isomorphic to b 0 .
Theorem 4.15. Let X be a proper lci scheme with its natural obstruction theory: then e vir (X) = deg(c F (X)). Therefore deg(c F (X)) is invariant under lci deformations of X; if
X admits a smoothing X 0 , then e vir (X) = e(X 0 ).
Proof. It is of course enough to prove the first statement. By [Fu, Ex. 4 
.2.6] we have
This is easy to see in case X is the zero scheme of a regular section of a vector bundle on a smooth proper variety M. We thank P. Aluffi for pointing this out to us.
Remark 4.16. More generally, all the virtual Chern numbers of a proper lci scheme are deformation invariants and coincide with the corresponding Chern numbers of a smoothing, when one exists.
Virtual Elliptic genus
Now we want to define and study a virtual version of the Krichever-Höhn elliptic genus [Kr] , [Hö] . The definition is completely analogous to the standard definition, we only replace at all instances T X by T vir X and the holomorphic Euler characteristic by χ vir . Then we show that it has similar properties to the elliptic genus of smooth projective varieties. In particular, if X is a virtual Calabi-Yau, i.e. the virtual canonical class of X vanishes, then the elliptic genus is a meromorphic Jacobi form.
Definition 5.1. As in the previous section let A be the quotient of A * (X) by A >d (X) and denote by the same letter classes in A * (X) and in A.
For a vector bundle F on X, we put
Note that E defines a homomorphism from the additive group K 0 (X) to the multiplicative
For any vector bundle F on X we also put
then the map F → EL(F ) extends to a homomorphism from the additive group of K 0 (X) to the multiplicative group of A * (X)((y 1/2 )) [[q] ]. The virtual elliptic genus of X is defined
. By our definitions and the virtual Riemann-Roch theorem we have
and we see (in the notations of (4.3)) that
. From the definitions it is clear that Ell vir (X; y, q)| q=0 = y −d/2 χ vir −y (X). For z ∈ C, τ ∈ H := τ ∈ C ℑ(τ ) > 0 , we write EL(F ; z, τ ) := EL(F ; e 2πiz , e 2πiτ ), Ell vir (X; z, τ ) := Ell vir (X; e 2πiz , e 2πiτ ),
be the Jacobi theta function [Ch, Chap. V] . Let f 1 , . . . , f r be the Chern roots of F . Then it is shown e.g. in [BL, Prop. 3.1] , that
Let B be the subring of A ⊗ C generated by the Chern classes of T vir X and a given element a ∈ A k (X). This is a finite dimensional C-vector space. It is easy to see that r k=1
,τ ) defines a holomorphic map from H to the group of invertible elements B × of B. Similarly
− z, τ ) defines a holomorphic map from H × C to B. Write Γ := Z + Zτ . Then we see that the part of h in A 0 (X) is given by θ(−z, τ ), which is nonzero on (C \ Γ) × H. It follows that EL(T vir X ; z, τ ) is a holomorphic map (C \ Γ) × H → B, and thus Ell( (X, a) ; z, τ ) and Ell(X; z, τ ) are meromorphic functions from C × H to C. Now we want to see that that the virtual elliptic genus is a weak Jacobi form with character (see [EZ, p. 104] , for the definition in the case without character), as in the case of the usual elliptic genus of compact complex manifolds (see [Hö] , [BL] ). We do not know whether (1) of Theorem 5.4 below was already known before in the case of compact complex manifolds.
Theorem 5.4.
(1) Fix k ∈ Z ≥0 , and let a ∈ A k (X) with c 1 ( Furthermore Ell vir (X; 0, τ ) = e vir (X).
Proof. First we want to show the transformation properties. By definition Ell vir (X; z, τ ) = Ell vir ((X, 1); z, τ ), thus it suffices to prove them for Ell vir ((X, a); z, τ ) for a ∈ A k (X). The proof is a modification of that of [BL, Thm. 3.2] . We have to show the equations Ell vir ((X, a); z, τ + 1) = Ell vir ((X, a); z, τ ), (5.5)
. From (5.3) and the standard identities (cf. [Ch, V(1.4) 
we see that (5.5), (5.6), (5.7) are satisfied for any vector bundle F , if we replace Ell vir ((X, a); z, τ )
by EL(F ; z, τ ) and d by rk(F ). As rk(E 0 )−rk(E 1 ) = d, they also hold if we instead only replace Ell vir ((X, a); z, τ ) by EL(T vir X ; z, τ ). Thus they are also true for Ell vir ((X, a); z, τ ) =
[X] vir EL(T vir X ; z, τ ) · a. For a ring R, and α ∈ A * (X) ⊗ R denote by [α] m the part in A m (X) ⊗ R, and for G ∈ K 0 (X), write
For F a vector bundle on X of rank r with Chern roots f 1 , . . . , f r , (5.3) gives
Here the first and third line are obvious from the definitions, and the second line follows from the transformation properties of θ by a two line computation (cf. [BL, eq. (9) ]). Thus
By the definition of EL τ T vir X ; z, τ , we thus have
where in the second line we have used that
This shows that
Ell((X, a); z, τ ) has the transformation properties of a Jacobi form of weight −k and index d/2 with character. Finally we show that Ell((X, a); z, τ ) is regular on C × H and at infinity and compute Ell( (X, a) ; 0, τ ), Ell(X; 0, τ ). Before the statement of Theorem 5.4 we saw that
i.e. Ell vir ((X, a); z, τ ) is holomorphic at infinity. By Theorem 4.5, we have X y (X) ∈ A[y]
and a) ; z, τ ) is holomorphic at z = 0 and
Finally we can see that Ell vir ( (X, a) ; z, τ ) is holomorphic on C × H: We had seen before that it is holomorphic on (C \ Γ) × H, and just saw that it is holomorphic at z = 0. Then (5.6) and (5.7) show that it is holomorphic at all z ∈ Γ.
Proposition 5.11. Let X be proper and a ∈ A * (X). Proof. This is a direct consequence of the definition and of Lemma 3.16.
Virtual localization
In this section let X be a proper scheme over C with a C * -action and an equivariant 1-perfect obstruction theory. We also assume that X admits an equivariant embedding into a nonsingular variety. We denote by K 0 C * (X), the Grothendieck group of equivariant vector bundles on X. We combine the virtual Riemann-Roch formula with the virtual localization of [GP] to obtain a localization formula expressing χ vir (X, V ), in terms of the equivariant virtual holomorphic Euler characteristics on fixpoint schemes. Let Z be a scheme on which C * acts trivially. Let ε be a variable. Let B be a vector bundle on Z with a C * -action. Then B decomposes as a finite direct sum
. Now let again B be a C * -equivariant vector bundle on Z with decomposition (6.1) into eigenspaces. We denote
We put Λ −1 B :
Now assume that Z is proper and has a 1-perfect obstruction theory. Let O vir Z be the corresponding virtual structure sheaf. Let p
We also recall some basic facts about equivariant Chow groups. Let A * C * (Z) be the equivariant Chow ring, this can be canonically identified with A * (Z) [ε] . We extend the Chern character ch :
With our identification of K 0 C * (Z) with a subring of
C * (Z) be the equivariant Euler class, and td(V ) the equivariant Todd genus. By definition, we have ch(
be the equivariant pushforward to a point; it is Q[ε]-linear and we denote by the same letter its Q((ε))-linear extension. As the action of C * on Z is trivial, td(T
it follows that
We briefly recall the setup of [GP] . We assume that X admits an equivariant global embedding into a nonsingular scheme Y with C * action. Let I the ideal sheaf of X in Y , assume that φ : 
Proof. This follows by combining the virtual Riemann-Roch theorem with the virtual localization. We will show:
This implies the Corollary:
and thus by (6.4) we have
. Furthermore the virtual Riemann-Roch theorem gives
By the localization formula of [GP] we have
where we have used td(T
and finally (6.2).
Conjecture 6.5 (K-theoretic virtual localization). Let ι :
In the context of DG-schemes Conjecture 6.5 has already been proven in [CFK3, Thm. 5.3 .1] and it should be possible to adapt their proof. 
(3) e vir (X) = i e vir (X i ), where e vir (X i ) is defined using the obstruction theory induced from X. In particular, if all the X i are smooth and the obstruction theory induced from X on each X i is the cotangent bundle, then e vir (X) = e(X).
Proof.
(1) By definition and Proposition 6.3 we get
As
, and Λ −y is a homomorphism we get
(2) Putting y = e 2πiz , q = e 2πiτ , we have by definition and applying (1)
(3) By the definition of e vir (X) and by (1) we have
If all the X i are smooth with trivial obstruction theory, then e vir (X i ) = e(X i ), thus
Furthermore Y is open in X. Thus e(X) = e(X \ Y ) + e(Y ) = i e(X i ).
Virtually smooth DM stacks
Obstruction theories arise naturally as deformation-theoretic dimensional estimates on moduli spaces, e.g. of stable maps or stable sheaves. Such moduli spaces are often not schemes but DM stacks. In this section we will extend this paper's definition to the stack case, and discuss which results are still valid. A significant case where the theory works are moduli spaces of stable sheaves: in the forthcoming paper [GNMY] , this will be used together with the results of [M1] to study the invariants of moduli spaces of sheaves on surfaces.
7.1. Notation and conventions. A DM stack will be a separated algebraic stack in the sense of Deligne-Mumford of finite type over the ground field of characteristic 0. All DM stacks will be assumed to be quasiprojective in the sense of Kresch, i.e. they admit locally closed embeddings into a smooth DM stack which is proper over the base field and has projective coarse moduli space. Furthermore we assume that they have the resolution property; in characteristic 0 this last condition is implied by quasiprojectivity [Kre, Thm. 5.3] .
A DM stack X will be called virtually smooth of dimension d if we have chosen a perfect obstruction theory φ :
The definitions for schemes are valid also in this case, yielding a virtual fundamental class [X ] vir ∈ A d (X ), a virtual structure sheaf O vir X ∈ K 0 (X ) and a virtual tangent bundle
If X is proper and V ∈ K 0 (X ) we can define
∨ , and define the virtual χ −y -genus of X by 
and such that the mapping cone C(ψ) is perfect in [−1, 0] . Note that every fibre of a morphism of virtually smooth stacks is itself virtually smooth A morphism (f, ψ) of virtually smooth DM stacks is calledétale if f isétale and ψ is an isomorphism.
Lemma 7.1. Let f : X → Y be anétale morphism of virtually smooth DM stacks.
and, by the consequence of [BF, Cor. 3.9] , an isomorphism
where C X (resp. C Y ) is the inverse image of C X (resp. C Y ). Let s 0 (resp. s 0 ) denote the zero section of F 1 (resp. E 1 ).
becomes
, which is [Fu, Thm. 6.2] . On the other hand
since f is flat and hence commutes with Tor; this proves (2).
7.3. The gerbe case. Let X be a scheme, and ε : X → X a gerbe over X banded by a finite abelian group G; note that ε is always anétale proper morphism. Write |G| for the order of G.
Let F be a coherent sheaf on X ; then for every point x : Spec C → X the fiber F (x) := x * F is naturally a representation of G, and hence decomposes as a direct sum over the group G ∨ of characters of G. The fiberwise direct sum decompositions induce a global decomposition E := E χ where the sum runs over χ ∈ G ∨ , and any morphism f : E −1 → E 0 of coherent sheaves respects the characters.
We write χ 0 for the trivial character. For E a coherent sheaf on X , one has ε * ε * E = E χ 0 ;
hence E is a pullback from X if and only if E = E χ 0 , that is E χ = 0 for every χ = χ 0 . Let φ : E • → τ ≥−1 L X be a 1-perfect obstruction theory for X . The morphism ε isétale,
Remark 7.2. The following are equivalent:
(1) there is a (unique up to isomorphism) obstruction theory F • on X such that ε induces anétale morphism of virtually smooth stacks; (2) for every point
For the rest of this subsection we assume that the conditions of Remark 7.2 are fulfilled. As before let E 0 → E 1 be the dual complex to E
• and F 0 → F 1 the dual complex to F • , and
X)) the virtual structure sheaves on X (resp. X) defined via E • (resp. F • ). As before for any V ∈ K 0 (X ) and any W ∈ K 0 (X) let
(2) For any W ∈ K 0 (X), we have χ vir (X , ε * (W )) = χ vir (X, W ).
(1) By the projection formula χ vir (X , V ) = χ(X , V ⊗ O vir X )) = χ(X, ε * (V ) ⊗ O vir X ) = χ vir (X, ε * (V )).
(2) By (1) χ vir (X , ε * (W )) = χ vir (X, ε * (ε * (W ))) = χ vir (X, W ).
Corollary 7.4.
(1) Let V ∈ K 0 (X ), then χ vir (X , V ) = |G| cohomology classes. We denote by X the moduli stack of H-stable bundles of rank r and Chern classes c i on V . We denote as usual by Pic V the Picard group of V , and by Pic V the Picard stack of V , i.e. the moduli stack of line bundles on V . The determinant defines a natural morphism det : X → Pic V , and there is a natural map Pic V → Pic V which identifies Pic V with the coarse moduli space of Pic V .
Both X and Pic V are algebraic stacks in the sense of Artin, and they have a natural structure of gerbes banded by G m over their coarse moduli spaces, since all stable bundles and all line bundles are simple, i.e. their automorphism group is given by nonzero scalar multiples of the identity. It is a well known fact that the gerbe Pic V → Pic V is trivial, and we choose a trivialization i.e., a Poincaré line bundle on V × Pic V , that is a section of the structure morphism Pic X → Pic X. We denote by X the fiber product X× Pic V Pic V ; if L ∈ Pic V is a line bundle, we denote by X L the fiber of X over L. Both X and X L are DM stacks, and are naturally gerbes banded by µ r over their coarse moduli spaces, which we denote by X and X L respectively. Both X and X L are quasiprojective schemes; they are projective if there are no strictly semistable sheaves with the given rank and Chern classes (and determinant, in the case of X L ).
Let F be an H-stable sheaf of rank r, with Chern classes c i and determinant L, and denote by f the corresponding morphism from Spec C to either X or X L . The stack X and X L have natural obstruction theories E
• and E
• L with the property that 
